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Talk outline

What sort of problems are
we considering?

What is the Laguerre
Expansion Method?

Derivation of error bounds

Numerical study



Good data, bad models?

Data error conception

Model error conception
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Model error

Important, but difficult to
guantify: need to consider

Approximate
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We consider an important . |S 126
special class of problems b ;
with convolution structure:
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Model error

Here, a perfect model would
generate perfect
reconstruction.

We wish to bound the
parameter distance based
on the model distance.

We define the parameter
distance based on the L2
distance of of s;, and s;,:
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Analytic strategy in one slide

1. Expand functions as Fourier 2. Our forward problem,
series in basis of scaled (by T)

t
Laguerre functions, ¢, (t/T), work .
with their coefficients: Sout(t) = | M(t — D)sin(1) dr,
0
translates to
" Funcion | Vetor
c = Ba
Sin(t) = Z an ¢n(t/T) a Where
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M©) = ) biat/T) b” 3. By Parseval’s theorem:
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The Laguerre Functions

Laguerre functions are
defined:

t
¢, (t) = %%{e‘tt”}, n=0,12,..

They form an orthogonal Wy [\

pasts on [0,0) Ul RRYAS
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f () (D) dt = {
0

The 100™ Laguerre function

They allow “Fourier”
analysis on time series



Error bounds

B and B* have full rank, and so are invertible:

la—a|l, =|(1-B*"'B)all,

We can prove (this is not obvious) that I — B*~1B is itself a
lower triangular Toeplitz matrix.

O 1|, We can

[ D~ 1CA 1
directly compute the maln and sub-diagonal elements of
- B 1B.

Using the |dent|ty



L ower error bounds

Using this, we arrive at reconstruction error lower bounds
which are based on dominant components of model error:
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In the special case of s, (t) = e~t/2T (and we may select T
arbitrarily):
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Multiple collection locations

If we have a single source and m data collection locations, the problem
IS over-determined. Define the solution to minimize

m
> lle—cl3.
i=1

We have multiple system matrices, B, , B, , ..., B,;;, and model
matrices, B, B, ..., By,. Define
B, O 0 B O 0 Iy
_|0o B 0 . _|10 B 0 _ |1
B® - . ? . . B® - N D=
0 0 B,, L0 0 B Iy




Multiple collection locations

By straightforward computation, we can show that the
solution Is

la—a*|l, =& ||(Tny — 3513®)Da||2

Which can be rewritten as

m

la=al, =—> ||(lv - B;'B; )a|

i=1

We see no expected utility in additional monitoring
locations.



Monte Carlo numerical setup

500 aquifers defined by multi- _

Gaussian K-fields (known hn=0

mean) in hydraulic connection

with a river, with a single well S .
In the midst of each. out

River level transient is always Vhfi =0

Sin(t) = exp(—t/T), for fixed T.

Well level for each is s ().

Interpretive model has F
iIdentical geometry, but
homogeneous K-field with ' ey a
correct mean. Example K-field realization
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Numerical reconstructions: s;, (t)

True sj,(t)

Head at boundary [I]
Head at boundary [I]

Time [T)

Time [T)

Interpretive model (M™) peak Interpretive model (M™) peak
before true model (M) peak after true model (M) peak



L2 reconstruction error
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Key points

Model error is an often-overlooked factor in geophysical
Inverse problems.

Laguerre expansion allows conversion of convolution inverse
problems into matrix inverse problems with a triangular
Toeplitz matrix.

This structure allows us to compute error bounds using only
the most significant components of model error.
Additional data collection is not expected to improve
estimation reliability.

We identified a criterion for blind model identification.
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